We argue that the basic properties of rain and cloud fields (particularly their scaling and intermittency) are best understood in terms of coupled (anisotropic and scaling) cascade processes. We show how such cascades provide a framework not only for theoretically and empirically investigating these fields, but also for constructing physically based stochastic models. This physical basis is provided by cascade scaling and intermittency, which is of broadly the same sort as that specified by the dynamical (nonlinear, partial differential) equations. Theoretically, we clarify the links between the divergence of high-order statistical moments, the multiple scaling and dimensions of the fields, and the multiplicative and anisotropic nature of the cascade processes themselves. We show how such fields can be modeled by fractional integration of the product of appropriate powers of conserved but highly intermittent fluxes. We also empirically test these ideas by exploiting high-resolution radar rain reflectivities. The divergence of moments is established by direct use of probability distributions, whereas the multiple scaling and dimensions required the development of new empirical techniques. The first of these estimates the "trace moments" of rain reflectivities, which are used to determine a moment-dependent exponent governing the variation of the various statistical moments with scale. This exponent function in turn is used to estimate the dimension function of the moments. A second technique called "functional box counting," is a generalization of a method first developed for investigating strange sets and permits the direct evaluation of another dimension function, this time associated with the increasingly intense regions. We further show how the different intensities are related to singularities of different orders in the field. This technique provides the basis for another new technique, called "elliptical dimensional sampling," which permits the elliptical dimension rain (describing its stratification) to be directly estimated: it yields del =2.22+0.07, which is less than that of an isotropic rain field (del =3), but significantly greater than that of a completely flat (stratified) two-dimensional field (de1-2).
INTRODUCTION
In theoretical terms the rain field can be considered to be the solution of a complex set of coupled nonlinear partial differential equations. These equations must clearly include the effect of the dynamical interactions of water vapor and liquid, latent heat release, radiation, wind fields, etc.. Structures in these fields are nonlinearly coupled over a range of over roughly 9 orders of magnitude in scale along the horizontal (-1 mm to-1000 km), and they are therefore way beyond the scope of direct deterministic numerical modeling. In order to function at all, global models of either climate or weather rely extensively on ad hoc "subgrid scale parameterizations." These parameterizations are unsatisfactory, not only because of their unphysical nature, but also because the theoretical (mathematical) properties of the parameterized equations are fundamentally different from the original (unparameterized) ones.
For rain and cloud fields, attractive stochastic alternatives to deterministic modeling have been developed (for relevant surveys see Waymire and Gupta [1981] , Lovejoy and Schertzer [1986a] ). For the rain field a particularly promising approach has been to exploit its scaling properties, which
The difference between the bare and dressed quantities is modeling of stratification and the Coriolis force). profound: for example, with the help of "trace moments" Even within the framework of isotropic scaling, many (section 4) we show that the multiple scaling of the bare different relationships between the various scales are moments implies the divergence of high-order dressed possible. In this subsection we review some basic turbulence moments. Since the observables are best approximated by phenomenology and show how it can be interpreted in terms dressed quantities, their high-order statistical moments will of the scaling of probability distributions. This type of generally diverge (this phenomenon is associated with the scaling involves only one parameter, hence in order to strong intermittency). Empirically, it implies the existence distinguish it from the more general case involving an of "outliers," even in very large experimental samples.
infinite number of parameters (a function), we call it "simple scaling." It is also called scaling of the increments and is primarily of interest when the increments rather than the process itself are stationary. Simple scaling was found empirically over limited time scales in storm-integrated rain [Lovejoy 1981 ] and was used as the basis of the scaling rain model discussed by Lovejoy and Mandelbrot [1985] . Consider the passive advection of water (concentration p) by a velocity field v in the limit of vanishing viscosity and diffussivity. As indicated in Appendix A, the nonlinear terms in the dynamical equations conserve the flux of energy and of scalar variance (with respective densities oe and Z) while effecting a transfer to smaller scales (hence the cascade). If the injection of these quantities at large scale is constant (or at least a stationary random process), the simplest assumption (going back to Kolmogorov [1941] ) is oe = -3<v2>/3t = constant ( 
1) Z = -3<P2>/•t = constant
In this interpretation oe and Z are considered spatial averages over the whole flow (these are denoted by boldface characters to distinguish them from the local quantities used later). We ignore local variability (which as we see, actually turns out to be extreme) and consider that a statistically stationary, relatively homogeneous field of these quantities exists. Furthermore, in this case the scaling spectra (Ev(k), Ep(k)) can be exactly derived in, for example the nonlinear stochastic model produced by the renormalization procedures ("spectral closures") detailed by Herring et al. [1982] . These renormalization techniques can be extended to more complex situations, such as those involving interactions with the radiation field [Schertzer and Simonin, 1982] .
Then, by dimensional arguments (or by analysis of the scaling properties of the corresponding equations, see

Intermittency and Multiple Scaling: Bare and Dressed Quantities
The scaling indicated in (3) would presumably hold if the quantities oe and Z are not too inhomogeneous or singular, i.e., when they may be approximated by their spatial (three-dimensional) averages (see appendix A). For example, the physically significant quantity oe is not a large-scale spatially averaged quantity but a local (time and space) energy-flux density; the rate of energy flowing through an elementary volume. Its spatial (volume) average is often referred to as the energy dissipation rate. This may be considered either as a real dissipation at the smallest (viscous) scale or, rather, as an apparent dissipation at larger scales. Physically it is simply the (density of the) rate of energy transferred to smaller scales. The same comments hold for the passive scalar variance flux Z.
Early on, Landau and Lifshitz [1963] questioned the regularity of the density oe, since, at least in the atmosphere, it is doubtful that the external forces acting on large scales are homogeneous. Clearly, if oe and Z themselves exhibit singular behavior then this will modify the singularities of the velocity and passive scalar fields.
In order to study the question of homogeneity of oe and Z, we will use cascade processes which, by iterating a scale invariant step, systematically reduce the scale of homogeneity to zero. We write oe1, Z/to indicate that the largest scale of homogeneity is l (see illustration, Figure 1 ). These intermediate (theoretical) quantities (the "bare" quantities, see following discussion) will be seen to be highly variable (intermittent) but nevertheless (in accord with equation ( 
i.e., we obtain divergence of the high-order statistical moments of the limit flux.
This nontrivial singular limit leads us to make a clear distinction between quantities homogeneous at scale l obtained after partial construction of the cascade, (which we call "bare",) and those of a completed cascade integrated over the same scale, called "dressed" quantities. Since the observation process involves averaging over finite scale, it "dresses" the "bare" quantities. The expressions "bare" and "dressed" are renormalization jargon (usually referring to partial and completely resummed diagrams in perturbation expansions of nonlinear equations). Here we have the same distinction with respect to the different degrees of multiplication implied by the various levels of the cascade: by completion of the process (and averaging on given scale and dimension) "bare" quantities are "dressed" becoming observables.
In real cascades, viscosity always eventually homogenizes the flow at the Kolmogorov or dissipation scale •1, which in the atmosphere is of the order of millimeters or less. The experimental, dressed quantities at scale/>>•1 are therefore no longer truly divergent for h_>ct; they are, however, extremely large, being of the order A xh), wheref (h)is a positive, increasing exponent, and A=l/•1 (>>1). Physically, this is the exact opposite of the usual situation in which the statistical properties are determined by the large-scale processes (such as energy injection, ect.). Here it is rather the small-scale details that are all-important.
An important consequence of these singular limits is that they exclude the possibility of constructing limiting scaling processes with lognormal probabilities (as shown by Waymire and Gupta [1987] , these probabilities are incompatible with single scaling). Indeed, partially constructed processes which are lognormal do not tend to lognormal limits as the scale of homogenization tends to zero (if only because of the divergent moments!). Thus not only are lognormals unattainable as limits of scaling processes, they will not even be particularly good approximations to the latter. As the resolution of a lognormal model is increased, not only will the lognormal parameters continuously change, but also, ultimately, no suitable parameters can be chosen at all; the best that can be hoped for is a rough approximation to the lowest-order moments (i.e., those that converge).
Empirically the critical exponents in storm-averaged rainfall are, roughly ctt•5/3 [Lovejoy, 1981] 
PHENoMENOLOGICAL CASCADES AND DISCRETE
MULTIPLICATIVE PROCESSES
Phenomenology and Cascade Schemes
Ever since Richardson [1922] , the phenomenology of turbulence has been described by self-similar (isotropic) cascade schemes in which an identical, scale invariant step is repeated down to the smallest scale [Novikov and Stewart, 1964; Novikov, 1965 Novikov, , 1966 Novikov, , 1967 Novikov, , 1969 Novikov, , 1970 Yaglom, 1966; Gurvitch and Yaglom, 1967; Mandelbrot, 1974] . In the following, for simplicity we discuss only the dynamical (i.e., energy flux) cascade involving a hierarchy of eddies breaking up into smaller and smaller subeddies, transfering their flux in the process, but the treatment is basically the same for passive scalar variance flux. This simple scheme, often referred to as the "[•-model," yields a random Cantor set supporting the content of the activity (see Figure 3) . Unfortunately, it is not stable to "small" pertubations which yield the "g-model" (see later discussion). Once we abandon the alternative "dead or alive," choosing subeddies to be either "strong" or "weak," the uniqueness of the dimension of the support is lost. Indeed, in the former case at each cascade step all the alive subeddies will be of equal strength (every one of their ancestors must be "alive"). Furthermore, in the limit n--->oo, they belong to a sparse fractal set of dimension Ds<d, and hence in order to preserve the volume average of the density of energy, this density (the "strength" of the subeddies) must increase without bound, becoming singular. However, we are still dealing with a unique type of singularity. In the deterministic case (i.e., iterating exactly the same step), the singularity can be removed by employing the Ds-dimensional Hausdorff measure instead of the d-dimensional Lebesgue measure: the density of the energy-flux, with respect to this measure, will simply be the indicator function of the limiting fractal set (unfortnnate!y, thl.q is tr,•. only to within a ,,,,,,-';via! constant). The stochastic case follows roughly the same rule, but requires generalized Hausdorff measures (required in order to avoid logarithmic divergences: see Mauldin et al. [1986] ).
The turbulence could be said to be "fractally homogeneous" [Mandelbrot, 1974] . In the case of the g-model (see Figure 4 for an illustration), the succession of weak and strong modulating factors renders the survival of eddies more complex and leads to a continuum of eddy strengths and hence to a hierarchy of singularities. Furthermore, it is obvious that the spectrum of singularities will broaden as soon as we take the hth power of oe: large h will drastically reduce the importance of the "weak" subeddies and simultaneously reinforce the strongest subeddies' conversely, small values of h will smooth out differences between subeddy strengths. More generally, the scale invariant step is specified by the identically distributed random variables goe, which prescribe the fraction of flux transmitted from one eddy to its offspring. over a subeddy and its parent the density of the flux is constant over the subeddy and eddy respectively. In (13) the increments g YI must be restricted so that the cascade obeys an appropriate conservation law (here determined by the nonlinear terms of Navier-Stokes equations, see Appendix A). As in classical thermodynamics, a distinction can be made between "microcanonical" and "canonical" conservation of energy, the former referring to detailed conservation (appropriate to a closed system), and the latter, allowing for exchange with the external world, involves only conservation of ensemble averages. Here the quantity of interest is the energy flux rather than the energy itself, hence we merely require conservation of its ensemble average (the atmosphere is considered an open system). It is worth adding other arguments for the canonical approach. In the microcanonical case [Yaglom, 1966] , we require E goe = number of subeddies = 3.a (14) subeddies which prevents the poe at each step in the cascade from being fully independent of each other, since the sum is rigidly constrained. Mandelbrot [1974] pointed out that this distinction is of little relevance when, as in the present case, we are interested in fluxes on sparse sets where detailed conservation no longer holds anyway. In the canonical case 
Discrete Cascades
In a cascade process discretized on cubes, as outlined in the previous section, the multiplicative "increments" goen are n, J labels the different balls of size ln; e.g., taking lo=l (the unit cube) for a given cascade step n, J is the dXn array of the first n, base-3. digits of the coordinates of the centers of Bn, j, and •tEn, J are independent realizations of the random variable goe (for different n, J).
As an example, consider the "a-model" introduced by Schertzer and Lovejoy [1983a, b,1985b 
_( C(h) = C 1 + h---"•) + 0 h --> oo (19)
In section 4 we confirm that, as indicated in (7), that the hth moments of the energy flux, integrated over set A, diverge when D(A)<C(h). Not only does this allow us to theoretically describe such a hierararchy of singularities, it also gives us a practical means to investigate it by "sensing" (averaging) these singularities with various observational sets (A). When the cascade is "sensed" by averaging it over low-dimensional A, the most intense and sparsest singularities will not be directly felt: there is not sufficient "room" on A for the integration to smooth out the strongest singularities of this set. However, as shown later, the fact that we have not reached the highest singularities still makes itself indirectly felt via the divergence of the high-order statistical moments.
Theoretical Development
To study more general cascades, it is convenient to introduce the logx of goe, denoted ? goe = exp( 7 In 3.) = 3.
• ( for any measure m finite on a (Borel) set A (almost surely). The above limit for the oen is a "weak" limit, as discussed by Kahane [1985 Kahane [ , 1987 . This type of convergence leads us to study how the sequence oen (n-->oo) operates on various measures, characterizing how the energy is distributed over these different sets (e.g., planes, surfaces, sparse (fractal) sets, etc.). At the same time, on a given set A we can characterize the way the convergence occurs by studying the different moments and particularly their finitehess (in mathematical terms, the relevant L* space).
In the following we will restrict our attention to Hausdorff measures, which are particulary well suited to characterizing sparse sets (i.e., determining their "volume"). We will show, with the help of the basic properties of these measures implemented numerically, promises to permit the future development of more sophisticated and (hopefully) realistic models (see new developments by Wilson et al. [1987] ). An interesting next step would be to model the temporal evolution of a coupled wind/water field.
Dressed Continuous Cascades
The continuous cascade model described above simply renders the discrete case discussed in section 3 continuous; i.e., it creates a continuous, but bare, cascade. As usual, the experimentally accessible quantities are the spatially averaged, dressed ones. If we average the cascade flux itself then all the previously developed properties of dressed quantities hold (such as the divergence of moments). If instead, we average some nonlinear function of such a quantity (as a satellite might do when it averages radiances), then the model can be used to numerically examine the effects of nonlinear averaging. depend directly on the dimension of the measuring set As argued in the previous sections, all empirical studies of (D(A)). To obtain the most complete information about the cascade processes must face the fundamental problem that the process, we therefore require D(A)to be as large as possible empirically accessible quantities are "dressed," whereas the physical processes that generate the cascade determine only the bare quantities directly. In the following we are therefore required to make several approximations in order to estimate the interesting functions C(h), c(T).
In the case of multifractal networks this can be solved by the means of a generalized intersection theorem pointed out in Schertzer and Lovejoy [1987]) and exploited in Montariol and Giraud [1986], Margnet and Piriou [1987] for rain measurement: the codimension-functions C(h) and C•t(h) of respectively the rain rate and measurements densities simply add to give the corresponding codimension-function Ci(h)of the measured rain, thus generalizing the intersection theorem. Conversely, up to the critical order of divergence (see section 6.4), the codimension-function C(h) of the rain rate can be estimated as Ci(h)-CM(h).
In the atmosphere the cascade breaks down at very small (but nonzero) scale •! (typically of the order of millimeters) as a result of the action of viscosity. However, the theoretical dressed properties (obtained by averaging over SCHERT7]•R AND LOVEJOY: MODELING AND ANALYSIS OF RAIN CLOUDS
The Data Set
The rain drops scatter microwaves efficiently enough to allow the three-dimensional rain structure to be quickly and nonperturbatively sampled. The data discussed in this In Figure 7 we show a probability distribution of radar reflectivity density of rain (denoted Z) obtained by pooling data from 10 different 3-km altitude CAZLORs. The line shown has a slope (=-ct) corresponding to ct=1.06, indicating that the mean reflectivity density <Z> (narrowly) converges (the value 1.06 was determined in a slightly different way from a seperate data base of 70 CAZLORs described in section 6.4). To roughly judge its significance for the rain field, we note that according to the Marshall-Palmer formula, we expect all moments greater than 1.6 times 1.06 (=5/3) to diverge, a number that is consistent with the radar-determined storm-integrated value of =1.65 reported by Lovejoy [1981] which was obtained in Montreal, Spain, and the tropical Atlantic.
Estimating the Trace Moments
In section 4 the divergence of the usual (dressed) moments The law of large numbers assures us that the effect of replacing ensemble averages by empirical averages over sums is not serious, provided that the former are finite. However, as discussed by Schertzer and Lovejoy [1983a, 1984] 
CONCLUSIONS AND SUMMARY
Motivated by the undeniable necessity of achieving a better turbulent treatment of rain and cloud fields, we argued that the relevant nonlinear dynamical processes can best be simulated stochastically. Starting with the study of a passively advected cloud, we showed how a (multiplicative) cascade treatment offers a new and concrete way of theoretically investigating as well as modeling these fields. This approach enabled us to show that each of the fluctuating fields may be generated by a fractional integration of products of interacting conserved fluxes (in particular, of energy and water substance) raised to various powers.
For each flux we outlined the central features, both of the bare cascade properties obtained after only a finite number of cascade steps, and of the dressed properties obtained by averaging a completed cascade process. This fundamental distinction arises from the very singular small-scale limit of multiplicative cascade processes. In real cascades, viscosity eventually damps out fluctuations; however, whenever averages are taken over scales much larger than the viscous scale, the limiting behavior is nearly obtained. In the atmosphere, averages over meters already involve scale ratios of the order of a thousand and are dominated by the singular limit. Hence, for example, if we consider the hth power of fluxes over a set A, with h>ot(A), and where the singular limit leads to divergence, in a real cascade, very large values will be obtained that depend critically on the very small-scale details. This is completely different from the usual situation (which still holds for h<ot(A)) where the statistical properties are governed by the large scale. This is important when measuring fluxes since empirical estimates of powers of fluxes with h<ot(A) will converge to well-defined limits (if the sampling is adequate), whereas they will always be dominated by "outliers," and hence remain ill defined, when h>a(A).
These basic structural properties of the cascades are preserved for interacting fluxes, hence they are essential for both cloud and rain modeling and analysis. In particular, it was noted that the interactions between the different fields were very simply expressed in terms of the generators of the different cascades. In anticipation of future developments, we explicitly showed how to construct cascade models of clouds and rain. By generalizing these methods to vector fields, we may expect to be able to simulate the velocity field itself. An important part of this paper (see section 6), was concerned with the empirical testing of the theory, particularly as concerns the divergence of moments, multiple scaling, and multiple dimensions. The data chosen for our study were radar rain reflectivities which have very low noise over a wide range of space and time scales. We first analyzed the divergence of moments of the reflectivities by empirically determining the probability distribution of volume-averaged reflectivities, obtaining Pr(Z'>Z),-,Z -• with a-l.06 for the probability of an extreme reflectivity •' exceeding a fixed value Z (note that all moments higher than the value 1.06 therefore diverge).
To investigate the multiple scaling and multiple dimensions predicted by our theory, we developed new data analysis techniques involving trace moments and functional box counting. The former gives direct information about how the various moments of the field depend on both the scale and dimension over which they are averaged. The latter As discussed by Schertzer and Lovejoy [1987] , inequality (B9) implies that high-h (h>l) divergence of the trace moments is equivalent to the divergence of the tensor moments. In contrast, inequality (B10) is important when considering possible degeneracy of the process, i.e., when oen is almost surely everywhere null (for n large enough, the singular behavior of oen occurs on a vanishingly small set). In particular, a low-h divergence (h<l) is required to avoid degeneracy and to assure the self-consistency of the preceeding derivation.
In practical applications it is important to note that the could be easily inferred from the similarity between the In Appendix A we dealt with isotropic spatial scale characteristic function and functional (Equations (C7) and transformations (i.e., pure dilations of coordinates). This was reasonable since as long as the boundary conditions are isotropic the Navier-Stokes and advection equations have no preferred directions. However, in cloud fields or radar rain fields, anisotropy is immediately perceptible as "texture," cloud "type," etc. , and the assumption of isotropy is clearly inappropriate. In geophysical flows such as those involved in the rain process, the relevant governing equations (when they are known) involve oriented forces such as buoyancy (due to gravity) as well as the Coriolis force (due to the earth's rotation). These forces, which may introduce anisotropic differential operators, e.g., a fractional differential operator with the order of differentiation depending on the direction instead of (isotropic) gradients, are responsible for the (fractional) differential stratification and rotation of the atmosphere respectively. Figures 2c et 2d point to a It clearly would be painful and extreme to attempt to continue to use isotropic notions (such as isotropic Hausdorff measures and dimensions) in this type of anisotropic situation. Indeed, the persistant use of isotropic concepts has led (e.g., Mandelbrot, [1986] ) to the artificial introduction of two quite different scale-dependent isotropic dimensions when a single anisotropic dimension is sufficient for a complete description of a set.
In the following, we give a brief outline of the general anisotropic framework called "generalized scale invariance" (GSI) [Schertzer and Lovejoy, 1985a , 1987 Schertzer, 1985a, 1986a ] in order to define Hausdorff measures and the associated dimensions (that we call "elliptical dimensions") in the same anisotropic framework as the process itself, based on a (generalized) notion of scale related to the measurability properties of the process (metric properties are not required at all).
In isotropy, scaling is based on three essential ingredients: (1) a unit sphere; (2) the identity 1 as the generator of the self-similar scale-changing transformation ratio 3., (Tx=3.4); and (3) the corresponding scale notion 
